Abstract. A theory of highest weight modules over an arbitrary finite-dimensional Lie superalgebra is constructed. A necessary and sufficient condition for the finite-dimensionality of such modules is proved. Generic finite-dimensional irreducible representations are defined and an explicit character formula for such representations is written down. It is conjectured that this formula applies to any generic finite-dimensional irreducible module over any finite-dimensional Lie superalgebra. The conjecture is proved for several classes of Lie superalgebras, in particular for all solvable ones, for all non-exceptional simple ones, and for certain semi-simple ones.
Introduction
Since the classification of all finite-dimensional simple complex Lie superalgebras by V. G. Kac, [K1] , it has been an open problem to construct a unified representation theory for all types of simple Lie superalgebras and, more generally, for finite-dimensional semi-simple Lie superalgebras. In fact, representation theory of Lie-superalgebras has developed in a fragmentary manner. Kac himself obtained essential results for a class of highest weight representations, which he called typical, of certain classical Lie superalgebras [K2] , [K3] . (An incomplete list of papers where the remaining, i.e. atypical, modules are studied is [JHKT] , [JHK] , [PS1] , [PS2] , [S] ; in [S] the second author has conjectured an explicit procedure for evaluating the character of any irreducible finite-dimensional gl(m + nε)-module.) Most of Kac's results were then extended also to the remaining classical series (p and q in our notation), see for instance [L1] , [P1] . More recently an essentially broader class of so called generic irreducible representations of all classical series of simple Lie superalgebras was studied in [PS2] , [P2] . (Generic representations are in general not finite-dimensional but finite-dimensional atypical irreducible modules can be generic.) On the other hand, the representations of simple Lie superalgebras of Cartan type have been studied in [BL2] , [BL3] , [Sh1] , [Sh2] , etc. by quite different methods. Finally, irreducible finite-dimensional representations of a semi-simple Lie superalgebra g have been described recently in the dissertation [C] of Kac's student S.-J. Cheng (by an approach somewhat resembling the approach of J. Bernstein and D. Leites in the Cartan-type case) in terms of irreducible representations of certain building blocks of g.
In the present paper we construct a general theory of triangular decomposition, and respectively of highest weight modules for any finite-dimensional Lie superalgebra. For a Lie algebra, highest weight modules are usually considered under the assumption that the algebra is reductive since for instance a solvable finite-dimensional Lie algebra has (according to Lie's theorem) only one-dimensional irreducible modules. However, it is well known that the obvious analogue of Lie's theorem for Lie superalgebras is not true and, as we show below, it is quite natural to build up the theory for a finite-dimensional Lie superalgebra with no restrictions.
Our main point in this paper is an explicit character formula which we conjecture to be true for any generic irreducible finite-dimensional module over any finite-dimensional Lie superalgebra. We prove this conjecture in several cases, as for instance for any solvable Lie superalgebra, for any non-exceptional simple Lie superalgebra, and for a large class of semi-simple Lie superalgebras. In the proof we use earlier results available for the various classes of Lie superalgebras considered. At this point it seems that there are at least three natural directions for continuation of this work: one is to try to prove the conjecture itself, the second one is to study the non-generic cases, and the third one is to construct a theory of infinite-dimensional representations of finite-dimensional Lie superalgebras which would extend the results of [PS2] and [P2] . But let's leave this to the future.
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Preliminaries
As a background source the reader can use the pioneering paper of V. Kac [K1] or the book of M. Scheunert [Sch1] . Here we shall simply fix notation and present a necessary minimum of preliminaries.
The ground field throughout the paper is C and all linear spaces (over C) will be assumed to be Z 2 -graded. The (super)dimension of a linear space V = V 0 ⊕ V 1 will be denoted as in [PS2] by dim V 0 + dim V 1 · ε where ε is a formal odd variable with ε 2 = 1. Π is the functor on linear spaces which switches parity, i.e. (ΠV ) 0 = V 1 , Π(V ) 1 = V 0 , dim ΠV = ε · dim V . The classical series of complex Lie superalgebras will be denoted as in [PS2] by gl(m + nε), sl(m + nε), osp(m + nε), p(m), q(m), etc., and W(m), S(m),S(m), H(m) will always mean as in [K1] the Cartan-type series of simple Lie superalgebras; [·, ·] shall always denote supercommutator and adx is the operator [x, ·] . Λ˙m is the Grassmann algebra with m generators, S˙(·) denotes supersymmetric algebra (note that if V , dim V < ∞, is an odd space, i.e. V 0 = 0, V = V 1 , then S˙(V ) Λ˙( dim V )/ε ), and U (·) denotes enveloping algebra of a Lie superalgebra.
Throughout the paper we will need the following straightforward superversion of Engel's theorem. The proof is the same as in the classical case.
2
Theorem 0.1. If g is a finite-dimensional Lie superalgebra and V is a finite-dimensional g-module on which g acts nilpotently (i.e. for some k ∈ N, g k v = 0 ∀g ∈ g, ∀v ∈ V ), there exists a g-submodule V ⊂ V , V = 0, such that the action of g on V is trivial (i.e. gv = 0 ∀g ∈ g, ∀v ∈ V ).
Corollary 0.1. g is nilpotent iff the adjoint action of g 0 on g is nilpotent.
Proof. As usual, using Engel's theorem one shows that g is nilpotent iff g acts nilpotently on g. However, because of the obvious formula (adg 1 ) 2 = 1 2 ad[g 1 , g 1 ] ∀g 1 ∈ g 1 , the latter is equivalent to the requirement that the adjoint action of g 0 on g be nilpotent.
It is essential that finite-dimensional irreducible representations of nilpotent Lie superalgebras are not necessarily of dimension 1 or ε. In [K1] Kac has given the following explicit description of all irreducible finite-dimensional representations of a nilpotent Lie superalgebra A. Let µ ∈ A * 0 (* means dual space) be such that µ([A 0 , A 0 ]) = 0. Set A µ = A 0 ⊕ (A µ ) 1 , where (A µ ) 1 = {a 1 ∈ A 1 |µ([a 1 , a 1 ]) = 0 ∀a 1 ∈ A 1 }. A µ is a Lie subsuperalgebra of A and obviously µ defines a one-dimensional representation as well as a ε-dimensional representation of A µ . Choose one such representation and denote it byμ. Now let p ⊃ A µ be a maximal Lie subsuperalgebra of g for whichμ admits a p-module structure and consider the induced A-module
ν is an irreducible A-module and every finite-dimensional irreducible A-module is given by (0.1) for suitable µ and p. Moreover µ determines ν up to Π and thus the classes of irreducible finite-dimensional A-modules isomorphic up to Π are parametrized by
If now g is an arbitrary Lie subsuperalgebra, V is a finite-dimensional g-module, and A ⊂ g is a nilpotent Lie subsuperalgebra, then V considered as a A-module admits a decomposition as
where V (µ) is an A-module all irreducible subfactors of which correspond (via Proposition 0.1) to µ ∈ A * 0 with µ([A 0 , A 0 ]) = 0. Indeed, (0.2) follows immediately from the fact that irreducible A-modules may admit non-trivial extensions only if they correspond to one and the same µ. (0.2) is the generalized weight decomposition of V with respect to A and the spaces V (µ) are the generalized weight spaces. If dim V = ∞, a decomposition of type (0.2) does not necessarily exist, but when it does exist and dimV (µ) < ∞ for all µ, we will say that V admits a finite-dimensional generalized weight decomposition with respect to A.
We shall also need some basic results about the structure of finite-dimensional Lie superalgebras. A Lie superalgebra g is semi-simple iff it has no non-trivial solvable ideals.
Furthermore, any finite-dimensional g has a unique maximal solvable ideal r (the radical of g), which gives a canonical exact sequence of Lie superalgebras
g ss is by definition the semi-simple part of g. However, g ss is not necessarily isomorphic to a direct sum of simple Lie superalgebras, and Kac observed in [K1] that, after suitable modifications, an earlier theorem of R. E. Block which classifies semi-simple Lie algebras in characteristic p, [B] , also gives a classification of finite-dimensional semi-simple Lie superalgebras. The modifications (in the proof of Block's theorem) have recently been carried out in detail by Cheng in [C] . Here is the result. Theorem 0.2. A Lie superalgebra g , dim g < ∞, is semi-simple iff one has
for some s i , i = 1, . . . , k and some d, where each s i is a simple finite-dimensional Lie superalgebra, ders i is the Lie superalgebra of superderivations of s i (one has s i ⊂ ders i ),
e. has no non-trivial d-invariant ideals) with respect to the canonical action of d on s i ⊗ Λ˙n i (d acts non-trivially only on Λ˙n i ), and ⊂ + denotes semi-direct sum.
We also need to make a remark about tensor products. If g 1 , g 2 are two finite-dimensional Lie superalgebras, V 1 , V 2 are, respectively, finite-dimensional irreducible g 1 -and g 2 -modules, then the g 1 ⊕g 2 -module V 1 ⊗V 2 is not always irreducible. It is irreducible only if ΠV
The proof is given in [C] . Following Cheng we set henceforth
and note that⊗ is associative, i.e. V 1⊗ . . .⊗V n is well-defined for any n ∈ N. If the contrary is not explicitly stated, throughout the rest of the paper g will be an arbitrary finite-dimensional complex Lie superalgebra. If A ⊂ g is a Lie subsuperalgebra, N g A will denote the normalizer of A in g, i.e., N g A = {g ∈ g|[g, a] ∈ A ∀a ∈ A}.
Cartan subsuperalgebras and weights
Definition 1. A Lie subsuperalgebra h ⊂ g is a Cartan subsuperalgebra of g iff h is nilpotent and N g h = h.
For any linear subspace g of g we can set N i g g = {g ∈ g|(adg ) k (g) = 0 for some k ∈ N}. The reader will check immediately that N i g g is a Lie subsuperalgebra of g. If g is a nilpotent Lie subsuperalgebra, then g ⊂ N i g g and N i g g is the largest Lie subsuperalgebra of g in which all elements of g are ad-nilpotent. M. Scheunert presented without proof in [Sch2] the following Proposition 1. Let h be a linear subspace of g. The following are equivalent (a) h is a Cartan subsuperalgebra of g,
For the sake of completeness let's give a proof of Scheunert's result. Proof. It is a tautology that (b) implies (c). But also (c) implies (b). Indeed, h = N i g h 0 implies that h is a Lie subsuperalgebra and that h 0 is nilpotent. This gives N g0 h 0 ⊂ N i g h 0 ∩ g 0 and therefore N g0 h 0 = h 0 , i.e. h 0 is a Cartan subalgebra of g 0 .
In order to show that (a) and (c) are equivalent, let us observe first that for any nilpotent Lie subsuperalgebra h of g
Indeed, the inclusion g ⊂ N g h is tautological, the inclusion N g h ⊂ N i g h is a consequence of the fact that a nilpotent h acts nilpotently on N g h , and
Now let the subspace h ⊂ g satisfy (c). Then h is a Lie subsuperalgebra of g and h 0 acts nilpotently on h. Therefore h is nilpotent and (1) (applied to h) gives immediately h = N g h. Conversely, let g be a Cartan subsuperalgebra of g. Then (1) holds again because h is nilpotent by definition. All we need to prove is that the h-module (N i g h 0 )/h equals zero. Assume the contrary. Since N i g h = N i g h 0 , h acts nilpotently on N i g h 0 and thus Theorem 0.1 gives the existence of a non-zero submodule V of (N i g h 0 )/h with trivial action of h. But the preimage of V in N i g h 0 lies in N g h, which contradicts the equality N g h = h. Therefore (N i g h 0 )/h = 0 and Proposition 1 is proved.
Corollary 1. The group Aut e g 0 of elementary automorphisms of g 0 (i.e. the group generated by exp(adx) for all nilpotent x ∈ g 0 ) acts transitively on all Cartan subsuperalgebras of g.
Proof.
First of all, clearly the action of Aut e g 0 on g 0 extends to g. Since Aut e g 0 acts transitively on all Cartan subalgebras h 0 of g 0 it also acts transitively on all subsuperalgebras of g of the form N i g h 0 .
If h ⊂ g is a Cartan subsuperalgebra, we will call a linear function λ ∈ h * 0 a weight of g iff λ([h 0 , h 0 ]) = 0. According to Proposition 0.1 every irreducible finite-dimensional h-module ν determines a weight λ for which ν = ν (λ) , and conversely each weight determines up to Π (i.e. up to parity change) an irreducible finite-dimensional h-module.
Triangular Decompositions and Borel Subsuperalgebras
Let h be a Cartan subsuperalgebra of g. Then if
is the generalized weight decomposition of g, with respect to h, the set ∆ = {α ∈ h * 0 \{0} |g (α) = 0} is by definition the set of roots of g. g (α) is the generalized root space corresponding to α ∈ ∆. Roots are weights of g in the sense of section 1.
We will call an element h ∈ h 0 regular if Reα(h) = 0 for all α ∈ ∆. Any regular element h determines a decomposition of ∆:
Considering the real hyperplane H = {µ ⊂ h * 0 |Re µ(h) = 0}, we note that the decomposition (2) is simply induced by H. A real hyperplane in h * 0 is by definition regular iff it arises in this way from a regular element. A decomposition of ∆ as the disjoint union of two of its subsets is a triangular decomposition of ∆ iff it is determined by a regular element in h 0 , or equivalently by a regular hyperplane in h * 0 (of course, neither of the latter is unique). A decomposition of g as
for some triangular decomposition ∆ − ∆ + of ∆. As usual, n ± are Lie subsuperalgebras of g but (3) is a direct sum only of (Z 2 -graded) vector spaces and not of Lie superalgebras. Furthermore it is clear that n ± are nilpotent. Note that there may be no "symmetry" between n − and n + and that in particular we may have n − = 0, n + = 0. (In the latter case g is necessarily solvable.) It is also an immediate consequence of the definition that b
are solvable Lie subsuperalgebras of g and that n ± are ideals respectively in b ± . In what follows we shall write more consistently b ± = h⊃ +n ± .
Definition 2. A Lie subsuperalgebra b ⊂ g is a Borel subsuperalgebra of g if b = h ⊕ n + for some Cartan subsuperalgebra h of g and for some triangular decomposition
If b ⊂ g is a Borel subsuperalgebra which contains a given Cartan subsuperalgebra h, i.e., if b = h⊃ +n + , then the opposite Borel subsuperalgebra b − is well-defined and is nothing but h⊃ +n − . If h is fixed, b reconstructs the triangular decomposition n − ⊕ h ⊕ n + :
. In what follows we fix a Cartan subsuperalgebra h ⊂ g (Corollary 1 ensures that the theory will not depend on the choice of h) and by a Borel subsuperalgebra b we shall always mean Borel subsuperalgebra which contains h.
As usual, irreducible finite-dimensional b-modules are in bijective correspondence with irreducible finite-dimensional h-modules. More precisely we have Proposition 2. Let b = h⊃ +n + be a Borel subsuperalgebra of g. If ν is a finite-dimensional irreducible b-module, then ν is irreducible as a h-module and n + ν = 0. Conversely, by setting n + ν = 0 for an irreducible h-module ν we endow ν with the structure of an irreducible b-module.
Proof. Let ν be an irreducible b-module, dim ν < ∞. Consider the generalized weight decomposition of ν with respect to h:
is irreducible as a h-module because any h-submodule of ν (λ0) is a b-submodule. In the other direction the statement is obvious since n + is an ideal in b.
Henceforth ν λ will always denote a finite-dimensional irreducible b-module with ν λ = ν (λ) as h-module.
Reflections

Definition and generalities.
A line in h * 0 is by definition a one-dimensional real linear subspace of h * 0 such that ∩ ∆ = ∅. A ray is a half-space of a line. Definition 3. Two Borel subsuperalgebras (which contain h)
by a reflection along and we shall write
A line ⊂ h * 0 will be called simple for b if r (b) is well-defined. Lemma 1. Any two Borel subsuperalgebras b, b ⊂ g (which contain h) can be obtained from each other by a chain of reflections.
Proof. Denote by (b, b ) the number of rays
0 be a regular real hyperplane which determines the decomposition
It is obvious that one can always choose a regular hyperplane H ⊂ h * 0 so that the decomposition determined by H induces the same decomposition on all lines except exactly one line 0 (on which it induces the "opposite decomposition"). But if b is the Borel subsuperalgebra corresponding to this latter decomposition and such that ∆
Therefore one can complete the proof by induction on (b, b ).
Types of reflections.
Let ⊂ h * 0 be a line. Denote by g the Lie subsuperalgebra generated by all generalized root spaces of g (α) for α ∈ L. By definition is essential if g ∩ h 0 = 0 and inessential otherwise.
Proposition 3. Given an essential line ∈ h * 0 one has the following alternatives: (i) g is nilpotent, (ii) g sl(2)⊃ +r and r is nilpotent, (iii) g osp(1 + 2ε)⊃ +r and r is nilpotent, where r denotes the radical of g .
( * ) implies that h 0 acts nilpotently on g , i.e., g ⊂ N i g h 0 . But since N i g h 0 = N i g h (see (1)), h also acts nilpotently on g . This enables us to conclude that g is itself nilpotent because all elements of g (α) ∩ g for α ∈ ∆ act by definition nilpotently on g . In this way ( * ) implies (i). We will show now that ( * * ) implies (ii) or (iii). Therefore (i) will turn out to be equivalent to ( * ).
Let (h 0 ) = 0. In this case g has a Lie subalgebra isomorphic to sl(2). Indeed, let (h) = 0 for some fixed h ∈ h 0 . This means that there exist (h)h (which the reader will check right away) implies that the Lie subalgebra [ (2). Therefore in the case of ( * * ) the semi-simple part g ss of g is non-zero. According to Theorem 0.2,
But since g ss is of rank 1 (i.e. all its roots lie on a single line), obviously k = 1 and s = s 1 is a simple Lie superalgebra of rank 1. One checks immediately (by looking at Kac's classification theorem, Theorem 5 in [K1] ) that sl(2) and osp(1 + 2ε) are the only simple Lie superalgebras of rank 1. Therefore g ss (s ⊗ Λ˙n)⊂ + d for some n ∈ N and some d ⊂ W(n), where s sl(2) or s osp (1 + 2ε). Note now that in the case of ( * * ), h is a Cartan subsuperalgebra of g and, even more, g is generated by its root spaces g (α) ∩ g for α ∈ . Thus g ss is generated by its root spaces too. This gives d = 0 (because the fact that (s ⊗ Λ˙n)⊂ + d is of rank 1 implies that d is a subsuperalgebra of the Cartan subsuperalgebra of d ⊕ (s ⊗ Λ˙n), and therefore also n = 0. In this way we have the exact sequence
with s=sl(2) or s = osp(1 + 2ε). In order to show that g is actually the semi-direct sum of s and r it suffices to embed s in g . In the case of (ii) we did this already (by embedding sl(2) into g ) and in the case of (iii) the reader will verify immediately that
is a Lie subsuperalgebra of g isomorphic to osp(1 + 2ε). Therefore g s⊃ +r . Finally we need to prove that in the case of (ii) r is nilpotent. It is enough to show that (h 0 ∩ r ) = 0 because then the same argument as in the case of ( * ) shall imply that r 0 is nilpotent. Assume that (h) = ∅ for some h ∈ h 0 ∩ r . Then let x −α , h, x α sl(2) be the Lie subalgebra of g which we constructed above. Since r is an ideal, the elements x ±α = c[h, x α ] (where 0 = c ∈ C) belong to r and thus x −α , h, x α ⊂ r . This contradicts the solvability of r , and in this way the proof of Proposition 1.3 is complete.
Note that each of the cases (i), (ii) and (iii) is characterized by the isomorphism class of any maximal simple Lie subsuperalgebra s of g :
In what follows we shall simply say that the type of the line is respectively (i), (ii) or (iii). Note also that the injection s → g is not canonical.
Henceforth we will always assume that an injection s → g , as constructed in the above proof, is fixed and, when is of type (ii) or (iii),ê,f andĥ will denote the images in g of the standard generators of sl (2) 
Highest Weight Modules
be a weight of g and ν λ be an irreducible finite-dimensional h-module of weight λ. Setting n + ν λ = 0 we endow ν λ with a b = h⊃ +n + -module structure (see Proposition 2). The g-moduleṼ
(a) Any g-submodule, as well as any g-factor-module ofṼ b (ν λ ), has a finite-dimensional generalized weight decomposition (compatible with that ofṼ b (ν λ )) with weights of the form λ
has a unique proper g-submodule I = I b (ν λ ) and thus also a unique irreducible factor-module. The latter will be denoted by
The proof follows the same lines as in the usual case of a reductive Lie algebra (see for instance [D] ) with the only difference being that one has to work with a generalized weight decomposition over a nilpotent Lie algebra instead of usual weight decomposition over an abelian Lie algebra. The main reason for Proposition 4.1 to be true is that the triangular decomposition g = n − ⊕ h ⊕ n + is determined by a regular hyperplane and thusṼ b (ν λ ) admits a natural Z-grading. We leave the details of the proof to the reader.
Definition 4. A g-module V is a highest weight module with respect to b (or a b-highest weight module) iff it is generated over g by an irreducible finite-dimensional b-submodule.
It is clear that if V is a highest weight module generated by its b-submodule ν λ , then we have a canonical surjection of g-modules
Note also that Proposition 4,(a) implies that a highest weight module V has a well-defined
(Of course, the generalized character is defined for a larger class of modules but highest weight modules suffice for the purposes of this paper.) We will use the traditional notation:
Proposition 5. A finite-dimensional irreducible g-module V is a highest weight module with respect to any Borel subsuperalgebra b ⊂ g.
Proof.
Consider V as a b-module, where b = h⊃ +n + , and let ν λ be an irreducible b-submodule of V . Then according to Proposition 2, n + ν λ = 0 and ν λ is an irreducible h-module. The g-submodule of V generated by ν λ is a b-highest weight module and it coincides with V because V is irreducible.
Corollary 2. Let V be a finite-dimensional irreducible g-module. For any Borel subsuperalgebra b, V has a unique irreducible b-submodule ν λ and ν λ determines V up to g-isomorphism.
Local finite-dimensionality condition. A triangular decomposition of g as
this is a triangular decomposition of g (in the proof of Proposition 3 we pointed out that h is a Cartan subsuperalgebra of g when ( * * ) is satisfied). For g of type (i) we never obtain a triangular decomposition of g because in this case g coincides with its Cartan subsuperalgebra, while h = g by our construction. However in both cases we can set b := b ∩ g = h ⊃ +n + and let λ be the restriction of the linear function λ to h 0 .
as the unique (up to isomorphism) finite-dimensional irreducible g -module which contains ν λ as a h -submodule and when considered as a g 0 -module has a single generalized weight space of weight λ , where λ : g 0 → C is the extension by zero on (n
For the cases when g is of type (ii) or (iii), a sufficient condition for the finite-dimensionality of V b (ν λ ) is given by Lemma 2. If is of type (ii) or (iii) and b ⊂ g is such that b ∩ s 0 = ĥ ,ê , then the conditions
Proof. First of all we show that if g = g 0 and 
It has a generalized weight space of weight λ + Θ, where
and, even more, for any vector v ∈ V (λ +Θ) which generates a non-trivial irreducible h submodule, the g -module U (g )v is a b -highest weight module with highest weight
In order to complete the proof we need to ensure that the conditions (f r ) and (f s ) enable us to replace λ by λ − Θ in the above argument, which would give dim
Finally, in order to be able to claim that the g 0 -module V b (ν λ −Θ ) is of finite dimension we need to know that (λ − Θ)([g 0 , r 0 ] ∩ h 0 ) = 0. Let λ − be the weight determined by the isomorphism
This completes the proof of Lemma 2.
Before we can state and prove a necessary and sufficient condition on λ for the finitedimensionality of V b (ν λ ) we need to know how the irreducible b-submodule ν λ of V b (ν λ ) changes under reflections of b.
Lemma 3. Let b ⊂ g be a Borel subsuperalgebra and b = r (b) for some essential line
for some k α ∈ N and for some irreducible r (b)-module ν λ+
) is well-defined and moreover one has a surjection of g -modules p :
Therefore there exists a non-zero vector v ∈ U (n − ⊂ + h )v with U (n + )v = 0 and such that v ∈ U (h )v. Clearly U (g )v is a proper g -submodule of U (g )v. Even more, U (g)v is a proper g-submodule of V b (ν λ ) since, as one checks immediately, for any g β ∈ g (β) where β ∈ ∆ + (b), β ∈ , we have g β v = gv for some g ∈ U (b) and thus g β v = 0, i.e.
As above, we have g β v = 0 for any g β ∈ g (β) , β ∈ ∆ + (b), β ∈ , and therefore U (g)v is a r (b)-highest weight module with highest weight λ . Furthermore, obviously,
In this way we have an injection
The irreducibility of V b (ν λ ) gives immediately that we have actually constructed an isomorphism
and that
Lemma 4. Let b ⊂ g be a Borel subsuperalgebra, ⊂ h * 0 be an essential line of type (ii) or (iii) which is simple for b, and b ∩ s 0 = ĥ ,ê . Furthermore, let λ ∈ h * 0 be a weight with dim V b (ν λ ) < ∞. Then there exists a finite-dimensional irreducible b-module ν λ −λ(ĥ)ˆ for which one has a g-isomorphism
Proof. An argument very similar to the one in the proof of the previous lemma shows 
In what follows we shall denote by λ 
Proof. The statement is trivial in one direction. We need to prove only that if dim
) < ∞ for any and for all possible 1 , . . . , k , then
Let us start by the obvious remark that V b (ν λ ) is finite-dimensional iff n − acts locally nilpotently on V b (ν λ ) for any . Assume that is a fixed simple line for b.
Then for any v ∈ ν λ for which U (h )v is an irreducible h -module we have a surjection of g -modules
But (as the reader will check immediately) n − acts locally nilpotently on
) < ∞ for all and all possible 1 , . . . , k enables us now to claim that if b is another Borel subsuperalgebra, then
for a suitable irreducible b -module ν λ . Indeed, according to Lemma 1, b and b are connected by a chain of reflections, and applying Lemma 3 or Lemma 4 to each reflection occurring in this way (which we can do because dim
for all and all possible 1 , . . . , k ) we obtain (5). But the observation that any given line is simple for an appropriate Borel subsuperalgebra b enables us to conclude that under the condition of the theorem n − acts locally nilpotently on V b (ν λ ) for any . The proof of Theorem 1 is complete.
Below we will need the notion of a generic weight λ in Λ + b which by definition is an element λ ∈ Λ + b with |λ (ĥ)| 0 for any essential line of type (ii) or (iii).
Characters of Irreducible g -Modules
The assertion of our Conjecture in this paper is that for a generic weight λ ∈ Λ + b the character of V b (ν λ ) can be reconstructed from the characters of the modules V (b ) (ν (λ b b ) ) for all Borel subsuperalgebras b and all lines by a formula which generalizes a formula of J. Bernstein and D. Leites for the Lie superalgebra gl(m + nε), [BL1] . In order to be able to write down the explicit formula we first need to compute the character of V b (ν λ ) for a generic λ ∈ Λ and let W be the Weyl group of s 0 (W = id for g of type (i) and W Z 2 for g of types (ii), (iii)). We now have Proposition 6.
(where ch is computed with respect to h 0 ).
Proof. Consider first the case when g is of type (i). According to Proposition 0.1,
, where p is a maximal Lie subsuperalgebra of g such that p ⊃ g λ = {g 0 ⊕{g ∈ g 1 |λ ([g, g 1 ]) = 0}} and the one-or ε-dimensional g λ -moduleλ admits a p-module structure. Let us find p explicitly. Denote by p h a maximal Lie subsuperalgebra in h such that p h ⊃ h λ = {h 0 ⊕ {h ∈ h 1 |λ ([h, h 1 ]) = 0}} andλ considered as a h 0 -module admits a p h -module structure. The reader will verify that g λ + (n + ) 1 + p h is a Lie subsuperalgebra of g . We claim now that g λ + (n + ) 1 + p h can be chosen as p. Indeed, it is obvious that one can endowλ with a g λ + (n + ) 1 + p h -module structure with trivial action of (g λ + n + + p h ) 1 . Furthermore, in order to show thatλ admits no p -module structure if p contains g λ + (n + ) 1 + p h as a proper subsuperalgebra, it is enough to check that for any odd element g ∈ g of the form g = f 1 + h 1 + p 1 , where
+ + p h ) 1 , and either f 1 or h 1 is non-zero (this is the general form of an element of g 1 which does not lie in (g λ + n + + p h ) 1 ), there exists g ∈ (g λ + n + + p h ) 1 with λ ([g, g ]) = 0. But if f 1 = 0, we can find f 1 ∈ (n + ) 1 with λ ([f 1 , f 1 ]) = 0 and therefore also with λ([g,
. If f 1 = 0 but h 1 = 0, we can always find h 1 ∈ (p h ) 1 with λ ([h 1 , h 1 ]) = 0 and the reader will check immediately that also λ ([g, h 1 ]) = 0. In this way p := g λ + (n + ) 1 + p h is a maximal Lie subsuperalgebra with p ⊃ g λ and such thatλ is a p-module.
is an irreducible h-module, it is necessarily isomorphic to ν λ , which gives finally
Now let g be of type (ii), i.e., g = r ⊂ + s, where s sl(2). Let n ± r = n ± ∩ r and h r = h ∩ r . The Lie superalgebra r with its decomposition n
can be considered as a Lie subsuperalgebra of g of type (i) (because r is nilpotent and (h r ) = 0), and therefore all considerations for the case (i) apply to r . Now let (g ) denote the Lie superalgebra r ⊂ + ĥ ,ê . Exactly as in the case we already considered, (g ) λ + (n + ) 1 + p h , (where p h is defined as above with h 0 replaced by h 0 ∩ (g ) ) is a Lie subsuperalgebra of (g ) over whichλ is a well-defined representation (i.e. the h 0 -module structure onλ extends to a (g ) λ + (n + ) 1 + p h -module structure). Therefore we can consider the induced (g ) -module
It turns out that this is an irreducible (g ) -module because ν λ considered as an r -module is irreducible. Indeed, we claim that ν λ , considered as an r -module, is isomoprhic to the module which one obtains simply by applying the same procedure to the nilpotent Lie superalgebra r . The reader will note immediately that all one needs to check is that (p h ) 1 = (p r h ) 1 , where p r h is the Lie subsuperalgebra of h r to which the h 0 -module structure onλ extends. But sinceĥ is a semi-simple element in g which acts nilpotently on h , h is necessarily central in h 0 , and thus (p h ) 1 = (p r h ) 1 . In this way ν λ is an irreducible (g ) -module. Note also that the b -module ν λ is now identified with U (h )λ .
Consider next the g -module V = Ind
ν λ . V is generated over g by the b -invariant subspace 1 ⊗ (1 ⊗λ ) and is a b -highest weight module. We have a canonical surjection of g -modules
Furthermore, V has an obvious g -submodule: it is generated byf λ (ĥ)+1 (1 ⊗ (1 ⊗λ )). Denote this submodule by V . We will show now that V = kerp for λ (ĥ) 0. In order to establish the inclusion V ⊂ kerp we need to show only that V is proper because kerp is the unique maximal proper g -submodule of V . Clearly V is generated over C by elements of the form
where k ∈ N and r ∈ U (r ) is a generalized weight vector with respect to the action of h 0 on r . We have r ·f
where r ∈ U (r ) is a vector of generalized weight µ + (λ (ĥ) + k + 1)ˆ , µ being the weight of r. But for λ (ĥ) 0, r (1 ⊗ (1 ⊗λ )) = 0 because ν λ is a factor module of the induced module U (r ) ⊗ U (r 0 )λ with character chλ · chS˙(r 1 ), and V is generated over C by all vectors of the formf λ (ĥ)+1+k ⊗ v for v ∈ ν λ . Therefore V is proper since 1 ⊗ (1 ⊗λ ) is not in the linear envelope of those.
Consider now the g -module V /V . It is generated over s by the isomorphic image of the r -module ν λ . Furthermore dim V /V < ∞ because n − acts nilpotently on V /V . If one assumes that V /V is reducible, then, as s-module, V /V would split as a direct sum V ⊕V , whereV andV are respectively a g -submodule and a g -factormodule and the image of ν λ lies either inV orV . But this is impossible because it contradicts the fact that V /V is generated over s by the image of ν λ . This proves the irreducibility of V /V or equivalently that V = kerp, and thus p establishes an isomorphism between V /V and V b (ν λ ).
All that remains is to calculate ch V /V = ch V b (ν λ ). But clearly V /V is isomorphic as s-module to the direct sum of s-modules with highest weights running over the weights µ of ν λ (which all satisfy µ (ĥ) ∈ N because λ (ĥ) ∈ N and λ (ĥ) 0). Therefore
putting (8) into (7) we obtain (6) for the case when g is of type (ii).
We leave it to the reader to check that essentially the same arguments also give (6) for the case when g is of type (iii).
The Conjecture
We are now in a position to write down a character formula which we conjecture to be true for any finite-dimensional irreducible g-module V b (ν λ ) with generic highest weight λ. For any line , let b( ) denote a Borel subsuperalgebra (with b( ) ⊃ h) for which is simple.
Conjecture. For any Borel subsuperalgebra b and for any generic
where W is the Weyl group of the semi-simple part (g 0 ) ss of g 0 , ρ 0 is the half-sum of b 0 -positive roots of (g 0 ) ss , and D = w∈W sgnw e w(ρ0) for ρ 0 = 0 and D = 1 for ρ 0 = 0.
It is clear that in the product on the right-hand side of (9) one can restrict himself only to essential lines because (n
when is inessential. However, it is not self-evident that the right-hand side of (9) is well-defined because b( ) may be not unique. Therefore we need to prove Proposition 7. The right-hand side of (8) does not depend on the choices of b( ) for all essential .
Proof. In fact we will show that if b( ) and b ( ) are two Borel subsuperalgebras for which is simple, then f
.
Let us prove first
Lemma 5. There exist lines 1 , . . . , k such that b ( ) = r k • · · · • r 1 (b( )) and is simple for
Proof of Lemma 5. Since is simple for b( ), we can find a real hyperplane
An analogous hyperplane H b ( ) exists for b ( ). But then one can connect H b( ) and H b ( ) by a path H(t) in the space of all real hyperplanes in h * 0 which contain , such that for any t H(t) contains no more than one line except . If 1 , . . . , k are the lines arising in this way (i.e.
and that is simple for r i • · · · • r 1 (b( )).
Next we have
Lemma 6. If is a simple line both for b and for r 1 (b), where 1 = , then 1 (h ) = 0.
Proof of Lemma 6. Assume 1 (h ) = 0. Then for some α ∈ and β ∈ 1 one can find elements x ±α ∈ g (±α) with β([x −α , x α ]) = 0. But note that α + β ∈ ∆ since α + β ∈ ∆ implies α + β ∈ ∆ + (b) ∩ ∆ + (r 1 (b)), which contradicts the simplicity of for r 1 (b) because of the equality α = (α + β) − β.
. This contradiction proves Lemma 6. Lemma 6 implies now the equality
∈ λ + 1 (Lemma 3). Lemma 5 enables us to complete the proof of Proposition 7.
It is also essential to point out that the right-hand side of (9) is invariant with respect to reflections. If one denotes the right-hand side of (9) by C b (ν λ ), then the reader will easily verify that
. Furthermore, (9) is compatible with direct sums of Lie superalgebras. Indeed, if g = g 1 ⊕ g 2 and
, where in both latter formulas⊗ simultaneously equals or does not equal ⊗ (which one verifies by calculating the (9) we complete the proof.
Cases in Which We
Solvable Lie superalgebra
Proposition 9. If g is solvable, (9) holds for any λ ∈ Λ + b . Proof. It is based on a result of Kac, who proves in [K1] that if one defines µ, g µ ,μ, and p as in section 0 (the only difference being that now g is solvable instead of nilpotent), then the induced g-module U (g) ⊗ U (p)μ is irreducible. Let V = V b (ν λ ). Denote by µ λ : g 0 → C the extension by zero of λ : h 0 → C. Since any finite-dimensional g 0 -module consists of a single generalized weight space of weight zero when considered as a [g 0 , g 0 ]-module, we have µ λ | [g0,g0] = 0. Furthermore, Kac proves in [K1] that every irreducible g-module is obtained by the above construction and therefore V b (ν λ ) U (g) ⊗ U (p)μλ for a certain p. We claim that (very similarly to the case of g considered in section 5) p = g µ λ + n
Indeed the reader will verify that, as defined, p is a Lie subsuperalgebra for whichμ admits a p-module structure. The maximality of p is established by a computation practically coinciding with the one in the proof of Proposition 6. This gives
is the left kernel of the pairing
). Therefore (10) is equivalent to
But in the situation considered f
The latter equality is a direct consequence of Theorem 7,(a) in [K1] . In this way we obtain finally
which for a solvable g is equivalent to (9) since here W = id, ρ 0 = 0, and D = 1.
7.3 Simple Lie superalgebra. The classical series of simple Lie superalgebras are sl(m+ nε) for m = n, m + nε = 1, ε, psl(m + mε) for m ≥ 2, osp(m + nε) (n = 2k) for m + nε = 1, 2ε, sp(m) for m ≥ 3, psq(m) for m ≥ 3. For any of these Lie superalgebras f
= 0 for all essential . (The reader will check immediately that this definition of typicality is equivalent to the requirement that λ + ρ b be typical in the terminology of [PS2] .) For typical modules (9) turns into a formula established by Kac for sl(m+nε), psl(m+mε), and osp(m+nε) ([K2] , [K3] ), by Leites for sp(m) ( [L1] ) and by the first author for psq(m) (the result follows from the corresponding result for q(m), [P1] ).
Furthermore, in [PS2] and [P2] we have considered the case of a generic finite-dimensional irreducible module V b (ν λ ) of sl(m + nε) for m = n, osp(m + nε), p(m), sp(m) for m > 1, q(m) for m > 1, and have proved the formula
denotes the set of roots α in ∆ − (b) for which Rα is an essential line with (g Rα ) 1 = 0 but f
) Rα = 0. Taking into account that for the Lie superalgebras considered we have chν λ = dim ν λ · e λ and = Rα = {α, −α} for any essential line , we see that here (9) is equivalent to (13). In [PS2] and [P2] we restricted ourselves for convenience to the above listed Lie superalgebras and did not consider sl(m + mε), psl(m + mε), and psq(m), however it is not difficult to show that (13) is true also for these Lie superalgebras. Therefore (9) holds (in particular) for all classical series of simple Lie superalgebras.
Our conjecture is true also for all Cartan-type series: W(m), S(m),S(m), H(m). Let us present the proof for W(m), which is inspired by the papers [BL2] , [BL3] where the finite-dimensional irreducible W(m)-modules have first been described.
Set g = W(m) = derΛ˙m and let ξ 1 , . . . , ξ m be some fixed generators of the Grassmann algebra Λ˙m. Put ∂ i = ∂/∂ξ i . g has a standard filtration
where
where ε 1 , . . . , ε m is the basis in h *
The following lines in h * are essential
and all λ since in this case g sl(2), and
, one has the following alternatives:
Proof. λ = 0 and f
= 0 for some essential implies = Rε i and (λ
, where 1 , . . . , m−1+1 are certain inessential lines. This makes it possible to express λ in terms of (λ
) and a straightforward computation gives
only when either i = 1 and 0 = c = k ∈ N or i = m and 0 = c = k ∈ N.
in the case of (a),
in the case of (b),
in the case of (c),
is the symmetric group of order m, and dim ν λ = 1, ε.
Proof. Denote by V λ an irreducible 0 g-module of highest weight λ with respect to
0 -module structure by letting ⊕ i>0 i g act trivially, and setṼ
It is obvious thatṼ λ is a b d -highest weight module of highest weight λ. Moreover, as we will show now,Ṽ λ is irreducible iff (a) holds for λ.
weight vector in V λ , then the reader will check immediately that the vector ∂ 1 ·. . .·∂ m (1⊗v) lies in any non-zero g-submodule ofṼ λ . Assuming thatṼ λ is reducible, one has ∂ 1 · . . . · ∂ m (1 ⊗ v) ∈ I λ , where I λ is the unique maximal proper g-submodule ofṼ λ . Furthermore since the weight spaceṼ
(the generalized weight spaces ofṼ λ are usual weight spaces, i.e. the action of h on them is semi-simple) is simply
(λ− i εi) = 0, where ν λ is the irreducible b d -module generated by 1 ⊗ v and
However the fact that (a) holds for λ implies λ
(λ− i εi) = 0, i.e. the assumption I λ = 0 is contradictory. In this waỹ V λ is irreducible when λ satisfies (a). If, conversely,Ṽ λ is irreducible, λ
But straightforward checking shows that the equality λ
Let λ be as in (b). Considering the smallest irreducible g-submodule ofṼ λ (which is generated by ∂ 1 · . . . · ∂ m (1 ⊗ v)) one shows by a direct computation that this module is generated by the space
i.e. we have established the character formula for (b). The character formula for (d) is trivial and the character formula for (c) follows from the observation that if λ ∈ Λ
It remains to note that, in each of the cases (a), (b), (c), (d), the character formula we have established is nothing but (9). Furthermore, since (9) is invariant under reflections, Proposition 10 implies that (9) holds for any b and any λ ∈ Λ
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The cases g = S(m),S(m), H(m) are similar and (9) holds for generic λ ∈ Λ + b in all three cases (for g = S(m),S(m) it is not difficult to see that (9) holds for any λ ∈ Λ + b and any b). The interested reader is encouraged to prove this directly or by using results from [L2] (for g = S(m)) and [Sh1] , [Sh2] (for g = H(m)).
Finally, the exceptional simple Lie superalgebras which are not Lie algebras are G(3), F(4), D(2, 1; α), [K1] . Kac has proved (9) for these Lie superalgebras under the assumption that λ ∈ Λ + b is typical, [K2] , [K3] (the definition of typicality is the same as for the classical series, i.e. f
= 0 for all essential lines ). Furthermore, for D(2, 1; α) the claim of our Conjecture follows from a claim of J. Van der Jeugt in [VdJ] . What we have not found in the literature is a study of atypical modules for G(3) and F(4), and thus it still remains to be checked whether (9) holds for a generic atypical irreducible G(3)-or F(4)-module of finite dimension.
In this way we have Proposition 11. If s is a finite-dimensional simple Lie superalgebra, b ⊂ s is a Borel subsuperalgebra, and λ ∈ Λ + b is generic (typical for s = G(3), F(4)), then ch V b (ν λ ) is given by (9). 
) and thus the irreducible g 0 -module V s⊗ V d 0 is well-defined. Cheng has proved in [C] Theorem 2. If the action of s i on V si is non-trivial for each i, then the g-module
is irreducible, and each irreducible finite-dimensional g-module with non-trivial action of all s i is isomorphic to a g-module of the form (14) for suitable V s and V d 0 .
If our Conjecture is true, (9) should hold for generic irreducible g-modules given by (14). We have been able to show only that this is the case when g admits a triangular decomposition of a certain form and, of course, when (9) holds for all V si . Let us start with Lemma 8. If h si is a Cartan subsuperalgebra of s i , i = 1, . . . , k, and h d is a Cartan subsuperalgebra of d, then
is a Cartan subsuperalgebra of g, where (Λ˙n i ) hd is the generalized weight space of weight zero in the h d -module Λ˙n i .
We leave the non-difficult proof to the reader.
Let us assume now that g admits a triangular decomposition g = n − ⊕ h ⊕ n + (where h is given by (15)) with d 1 ⊂ n + . We fix such a decomposition and set b = h⊃ +n + .
(where as above V s = V s1⊗ . . .⊗V s k for non-trivial irreducible s i -modules V si , i = 1, . . . , k) and (9) holds for ch V si , i = 1, . . . , k, then (9) holds for chV b (v λ ) too.
Proof. We start by noting that (9) holds for the character of the inducing g 0 -module V s⊗ V d 0 . Indeed, first of all, since g 0 0 = g 0 , h 0 is also the even part of a Cartan subsuperalgebra of g 0 and thus chV b (ν λ ) and ch V s⊗ V d 0 can both be computed with respect to h 0 . Furthermore, the ideal i :
Therefore the fact that chV si and chV d 0 are given by (9) (for chV si this is a preset condition, while (9) holds for chV d 0 since d 1 ⊂ n + implies that V d 0 has the structure of an irreducible module over the Lie algebra d 0 /d 1 ), together with the compatibility of (9) with direct sums, gives that (9) may not coincide with the corresponding entries for g. Note however that Proposition 7 enables us to assume that the Borel subsuperalgebra
0 is extended to a line of g. Using (16) we will show now that (9) holds also for the induced module
and since ch S˙(g/g 0 ) is W -invariant (g/g 0 being a module over the semi-simple part of
Furthermore we note that for µ ∈ h * 0 with µ| (hd)0 = 0 for any i = 1, . . . , k one has f ± µ ⊂ g 0 for all . Indeed, using the fact that the g/g
This implies in particular that the sets of lines for g and g 0 coincide and that 0 can be replaced in (17) simply by . Moreover, the inclusion f ± µ ⊂ g 0 , together with the standard duality between left and right cokernels (of
) .
Three more observations are needed to finish the proof. The first one is that (chS .
(This is because of (18) and since clearly (ch S˙((n
The second observation is that from the isomorphism
)) we can replace λ 0 by λ, which gives finally
The proof of Proposition 12 is therefore complete.
7.5 Lie superalgebra with distinguished Borel subsuperalgebra. It is well known that the classical Lie superalgebras of type I: gl(m+nε), sl(m+nε), psl(m+mε), osp(2+nε), p(m), sp(m) admit certain special Borel subsuperalgebras called distinguished (see for instance [PS2] ). These subsuperalgebras have been introduced by V. Kac in [K3] who used them to establish the character formula for a typical irreducible module. Distinguished Borel subsuperalgebras are also very useful in the study of infinite-dimensional representations of classical Lie superalgebras of type I, [PS2] . More generally, we shall call a Borel subsuperalgebra b of an arbitrary finite-dimensional Lie superalgebra g distinguished iff g 0 + b is a Lie subsuperalgebra of g and n + 1 is an ideal in g 0 + b. In that sense W(m) admits a distinguished Borel subsuperalgebra too: the Borel subsuperalgebra b ⊂ W(m) introduced in subsection 7.3 is such.
Proposition 13. If g is a finite-dimensional Lie superalgebra, b is a distinguished Borel subsuperalgebra, and λ ∈ Λ + b is generic and such that f
Proof. It is a more general version of the proof of Proposition 10 for case (a) and is based on an idea of Kac from [K3] . We claim that in the situation we consider there is an isomorphism
where V b0 (ν λ ) := ν λ ⊗ U (h0) V b0 (λ) (by V b0 (λ) we denote here an irreducible even g 0 -module of highest weight λ) is endowed with a trivial n + 1 -module structure. Indeed, since U (g) ⊗ U (g0+b) V b0 (ν λ ) is obviously a b-highest weight module, we need to prove only that U (g) ⊗ U (g0+b) V b0 (ν λ ) is irreducible. If one considers a chain of reflections from b to b − , using the condition f (λ (w0(λ)) , which is the b-lowest generalized weight space of U (g) ⊗ U (g0+b) V b0 (ν λ ). On the other hand, U (g) ⊗ U (g0+b) V b0 (ν λ ) is isomorphic to the coinduced g-module )).
Summarizing, we obtain the main result of this paper.
Theorem 3. If g, b, and λ ∈ Λ + b satisfy the conditions of some of Propostions 8-9 and 11-13, then our Conjecture is true for chV b (ν λ ).
Examples
The various series of simple Lie superalgebras can provide numerous examples in which our Conjecture holds. Below we will work out formula (9) Indeed, according to Theorem 2, V b (ν λ ) = U (g) ⊗ U (g 0 ) V b∩s (ν λ ) = Λ˙m ⊗ C V b∩s (ν λ ) for λ = 0. Furthermore, one checks right away that if chV b∩s (ν λ ) is given by formula (9) applied to s, then (20) coincides with formula (9) applied to g. The fact that (9) holds for s and for a generic λ ∈ Λ + b∩s (s = G(3), F(4)) means that (9) holds also for g and for a generic λ ∈ Λ + b (when s = G(3), F(4)). As a further example the reader may consider the Lie superalgebra (s ⊗ Λ . m )⊂ + W(m) .
The example we present next is also of the form (s ⊗ Λ˙m)⊂ + d, but for a proper simple Lie subsuperalgebra d of W(m). Let m = 2 and g = (sl(2) ⊗ S .
( ξ 1 , ξ 2 ))⊂ + d where d is the Lie subsuperalgebra of W(2) generated by (1 + ξ 1 ξ 2 )∂ 1 and (1 + ξ 1 ξ 2 )∂ 2 . It is easy to see that d osp(1 + 2ε) S (2). Setẽ = (1 + ξ 1 ξ 2 )∂ 1 ,f = (1 + ξ 1 ξ 2 )∂ 2 . Then [ẽ,f ] =h = ξ 2 ∂ 2 − ξ 1 ∂ 1 , and d = f 2 = −ξ 1 ∂ 2 ,f ,h,ẽ,ẽ 2 = ξ 2 ∂ 1 . If one chooses also a standard basis f, h, e in s ([h, e] = 2e, [h, f ] = −2f , [e, f ] = h), then h := h,h, h ⊗ ξ 1 ξ 2 is a Cartan subsuperalgebra in g. If ε and δ are dual respectively to h andh (i.e. ε, δ ∈ h * , ε(h) = 1, ε(h) = ε(h ⊗ ξ 1 ξ 2 ) = 0, δ(h) = 1, δ(h) = δ(h ⊗ ξ 1 ξ 2 ) = 0), we have ∆ = {±δ, ±2δ, ±ε, ±(ε ± δ)} .
There are four lines in h * and they are essential: One has g 1 = f 2 ,f , h ⊗ ξ 1 ,h, h + h ⊗ ξ 1 ξ 2 , h ⊗ ξ 2 ,ẽ,ẽ 2 − type (iii), g 2 = f, f ⊗ ξ 1 ξ 2 , h, h ⊗ ξ 1 ξ 2 , e, e ⊗ ξ 1 ξ 2 − type (ii), g + = e ⊗ ξ 2 , h ⊗ ξ 1 ξ 2 , f ⊗ ξ 1 − type (i), g − = e ⊗ ξ 1 , h ⊗ ξ 1 ξ 2 , f ⊗ ξ 2 − type (i) .
Let b be the Borel subsuperalgebra (g (δ) ⊕ g (2δ) ⊕ g (ε) ⊕ g (ε+δ) ⊕ g (ε−δ) )⊂ + h. Then for any λ ∈ Λ for λ ε λ δ > 0 C · h ⊗ ξ 1 for λ δ = 0, λ ε = 0 .
